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FUNCTIONS AND GRAPHS

Overview:

Definition of a fumction.
. General concept of the inverse of a
Revise the effect of the parameters @ and g Junetion and how the domain of the

and investigate the effect of p on the function may need to be restricted (in

- - . order to obtain a one-to-one function)
graphs of the functions defined by: to ensure that the inverse is a

) Investigate numerically the average function.

1.1. y=f(x)=alx+p) +q gradient between two points on a curve . Determine and sketch graphs of the
- . e : . inverses of the functions defined by
a and develop an intuitive understanding of

> i o = - :

L2 y=f= x+p tg the concept of the gradient of a curve at a
point.

y=ax+q y=axr
y=bub>0b=1)

Focus on the following characteristics:

X+
13. y=f(x)=ab Py q where domain and range. intercepts with the
axes.
‘b_ >0,b# 1_ o furning points. minima. maxima,
asymptotes (horizontal and vertical),
shape

(SOURCE: CURRICULUM AND ASSESSMENT POLICY STATEMENT(CAPS)SENIOR PHASE GRADES (10 - 12) MATHEMATICS)

Important terminilogy

Domain: the set of possible x-values ]
For all functions

Range: the set of possible y-values

See the hyperbola and

Axis of symmetry: an imaginary line that divides a graph into two mirmr}
parabola

images of each cther.

See the parabola

Maximum: the highest possible y-value of a function.}

Minimum: the lowest possible y-value of a function.

Asymptote: an imaginary line that a graph approaches but never} See the hyperbola and
touches.

exponential function

Turning point: The point at which a graph reaches its maximum or} See the parabola

minimum value and changes direction.

The concepting of increasing and decresing in functions: all functions

e The function is INCREASING when the value of y increases as x is increasing from
left to right
o THE GRAPH GOES UP

e The function is DECREASING when the value of y decreases as x is increasing from
left to right
o THE GRAPH GOES DOWN

Page 4 of 85

A Division of Marematlou Group Holdings




SECTION 1: LINEAR FUNCTION (STRAIGHT LINE)

The graph of =mx +c
grap y m Standard form of linear

function

WHERE

m = gradient

When m > 0 (gradient is positive) and
m < 0 (gradient is negative)

Domain: x € R
Range: y € R

Shape

Positive Slopes Negative Slopes

Y
\\

%/

e

)

Whenm > 0

Whenm < 0

. The gradient is
negative

1. The gradient is positive

2. The function is increasing L
. The functionis

AR

Page 5 of 85




Example 1

Sketch the graph of y = 2x — 1 and determine the domain and range of the function, and

state if the function is increasing or decreasing.
Solution

x — intercept:leyy =o0
0=2x-1

—2x =-1

1

2

(G

X =

y — intercept:let x =0
y=2(0)-1

y=-1

=~ (0;-1)

Domain: x € R
Range:y € R

The function is increasing

Example 2
Determine the equations of the following graphs:

Solutions
1. .
y:=n Y=
a= Xr— X a= X=X

_—l—(J _2-0
=1-2 ~1-0

a=1 a=-2
Sy=lx+e Jy==-2x+c¢
0=12)+c¢ 0==2(0)+¢
c=0
y=x—2

JENN MagemanoU
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SECTION 2: HYPERBOLIC FUNCTIONS(HYPERBOLA)

a
The graph of y = v +q <00 Standard form of hyperbola

2 +1
x—2

take note thaty =

_ 2
_x+(—2)+

1

The equations of asymptotes are x = —p (vertical asymptote) and
y = q (horizontal asymptote)

Domain: x € R,x # —p
Range:y €ER,y # q

Shape

If a >0 then the graph If a <0 then the graph
decreases for all increases for all

x<0 or x>0. x<0or x>0.

The equations of the axis of symmetry

The hyperbola has two equations of symmetry
m=1

y=x+c

N.B the equations of the axis of symmetry of the hyperbola passes through the
point of intersection of asymptotes (—p; q)

In general, for the hyperbola, the equations of the axis of symmetry are given by
the following formulae:

m=1 m=-—1
y=x+p)+q y=—(x+p)+q

~y=x+p+gq LYy=—X—p+q

AA
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N.B Ensure that the hyperbola is in standard form before applying the
formula

Example 1

1

Sketch the graph of y = % — 3, write down the domain and range of the function,

and write down the equations of asymptotes. state whether the function is increasing
or decreasing. Lastly, determine the equation of the asymptote with a positive
gradient.

Solutions

The asymptotes are x =-2 and y — 3. (These are read from the equation).
x-intercept: Let y=0:

0=—2 _3-10=3(x+2) . 3x=4 .'.x=%

x+2
. 10
y-intercept: Let x=0: Y=0933 3=5-3=2

graph not drawn to scale
Domain: x € R, x #= —2
Range:y € R,y # —3

The function is decreasing

Equation of the axis of symmetry with positive gradient:
y=x+¢c

—3=-2+c

c=-1

sy=x-—1

AR
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Example 2

Sketch the graph of y = —1 — % , and write down the domain and range of the

function. And determine the equation of the axis of symmetry with a negative
gradient.

Solution

This equation can also be written as y = % -1 Standard form of

Asymptotes:x=4and y=-1 hyperbola

y-intercept: Letx=0:y=-1 —%=—1 +2=1

x-intercept: Lety=0:0=-1--=7

The hyperbola will look as follows:

|
i
|
|
|
i
|

S S SN N N S N I — ———

graph not drawn to scale

Domain: x € R,x + 4
Range:y € R,y # —1

The function is increasing

Equation of the axis of symmetry with positive gradient:
y=—x+c

-1=—#4)+c

c=3

Ly=—x+3

AR
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Example 3

Determining the equation of a hyperbola when the graph is given

Step 1: The position of the asymptotes give us the value(s) of p and g in
a

y = +q.
- x+p
Step 2: To find the value of @, we substitute any point on the graph into the

equation.

EXAMPLE: The graph of y = . f:p + ¢ is sketched below. Determine the value(s) of
a,pand gq.

=15~

From the graph we see that,p=2 and g =-3.
. ey —_a
The equation becomes:y = - - 3.
Substituting (0; -6) or any other point on the graph into the equation gives:

—__a _ LI — = - = —
—6—0_|_2 3 n-12=a-6 . a=-6

Y =S Txv2
N.B the function is increasing

AR
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SECTION 3: QUADRATIC FUNCTION(PARABOLA)

The graph ofy =a(x +p)*+q

If a is positive, i.e. a > 0, then the shape of the graph is ©.
Minimum

turning point

If a is negative, i.e. a < 0, then the shape of the graph is ®.
Maximum

turning point

The graph has the axis of symmetry at x = —p -
The graph has the turning point by (—p ; q) 1. q is the minimum of the

0” parabola when a > 0
Domain: x € R

Range: y > q) @ (WHEN a>0) 2. q is the maximum of the \

or parabolawhena < 0
y<q @WHENa<D0) l

N.B The parabola changes from increasing to decreasing or decreasing to increasing at
the turning point.

whena >0

1.The graph increases for:x > —p
2.The graph decrease for:x < —p

whena <0

1.The graph increases for: x < —p
2.The graph decrease for:x > —p

AR
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The quadratic function can also be represented in the form:

y=f(x)=ax*+bx+c °c0Q Standard form of

parabola

If a is positive, i.e. a > 0, then the shape of the graph is ©.
Minimum

turning point

If a is negative, i.e. a < 0, then the shape of the graph is ®.
Maximum

turning point

The graph has the axis of symmetry at x = —%

The graph has the turning point by (—% ; (= ;;a))
Domain: x € R
Range: y 2 f(——) @ (WHEN a > 0)

or
y<f(-2) @(WHENa< (0’"
%

1.f (— zia) is the minimum of the

parabola whena > 0

2.f (— %) is the maximum of

the parabolawhena < 0

AR
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Example 1

Sketch the graph of f(x) = x? — 5x — 6, clearly showing intercepts with the axes and the
turning point. Also give the interval where the function is increasing and where the function
is decreasing. Lastly, determine the domain and range of of f(x) = x? — 5x — 6.

Solutions
Sketch the graph of f{x) =x>-5x—-6

1. p-intercept
f0)=-6

Therefore the co-ordinates of the y-intercept are (0; —6)

x-intercept
xX2-5x-6=0
(x=6)(x+1)=0
x=6orx=-1
(6;0) and (—1; 0)

Axis of symmetry

_—b

YT 2a
)
2D

Turning point
16)= 6 -s6) -6
=-12

~TP(3-121)

Sketch graph

Page 13 of 85
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The interval where the graph is increasing

5
x> -
2

The interval where the graph is decreasing

5
x<-
2

Domain: x € R

Range:y = — %

Determining the equation of the quadratic function

Given the x-intercepts and one point

Given the turning point and one point

Use the formula: y = a(x — x)(x — x3).
Substitute the values of the x-intercepts.
Substitute the given point which is not the
X-intercept.

Solve for a.

Write the equation in the form
fx)=ax*+bx +ec.

Use the formula: y = a(x + p)* + g.
Substitute the co-ordinates of the turning
point (p; ¢).

Substitute the given point.

Solve for a.

Write the equation in the form

v=a(x+pP+qgorf(x)=ax’+bx+c¢

depending on the instruction in the
question.

Given the co-ordinates of three points on the parabola

Use the formula: y = ax? + bx + c.
One of the given point is the y-intercept, therefore ¢ is given, so substitute its value.
Substitute the co-ordinates of the other two points into y = ax? + bx + c.

Solve the two equations simultaneously for ¢ and b.

SOURCE:Mind The Gap Mathematics Study Guide
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Example 2

Determine the equation of the parabola in the form f(x) =ax” +bx+c.
y=a(x-x)x-x,)

ny=a(x=(=3)(x-4) Y
Sy=alx+3)(x-4)

Substitute (2 ; —20) to find the value of a.
-20=a(2+3)(2-4)

So=20=a(5)(=2)
.. =20 =-10a

Sa=2

Sy=2(x+3)(x-4)
y=2(x"—x-12)
s () =2x7-2x-24

Example 3

Determine the equation of g in the form y = ax* + bx+¢

The axis of symmetry is given by x=-1.
Sx+1=0

From the work on parabolas, it 1s clear that the
expression x +1 1s in the brackets of the equation
for a parabola.

Also, the value of ¢ 1s 8 (the y-value

of the turning point).

(-158)

Ly=a(x+1)*+38

Now substitute the point (2 ; —10) which lies on
the graph of the parabola.

~10=a2+1)* +8

- -18 = a(3)*

. —18=9a

Sa=-=2

Sy =-2(x+1)7 +8

sy =-2(x"+2x+1)+8

Sy=-2x"-4x-2+8

.'.y=—2x2—4x+6

AA
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Page 15 of 85




SECTION 4: EXPONENTIAL FUNCTION

The graph of y = a. b**? + qwhereb>0and b #1 ©

Standard form of
exponential
function

o O

The equation of an asymptote is y = g (horizontal asymptote)

Domain: x € R

Range:y > q [ifa>0]ory <q [ifa<0]

a >0 aﬂd b>l

a<0and b>1

The graph lies above the horizontal
asymptote and is an increasing
function.

4

The graph lies below the
horizontal asymptote and is a
decreasing function.

Y

a>0 and 0<b <1

a<0and 0<b<1

The graph lies above the horizontal
asymptote and is a decreasing
function.

V4

=
rd
X

The graph lies below the
horizontal asymptote and is an
increasing function.

g

s
'y
X

(Source: MATHS MADE EASY - A comprehensive guide to Grade 12 Mathematics)
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|

P
—_
o9
)

=4

=0:
0

332+ 1
=0
51

0 INATITUTE:

A
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Let us look at a second example, y

Horizontal asymptote: y
N.B the function is decreasing
Horizontal asymptote: y =1
e —
N.B the function is inccreasing
ENN MarematoU

Sketch the graph of y
~. No x-intercept

x-intercept: let y
y-intercept: let x
y-intercept: let x

y=-3
x-intercept: 0

Example 1
Example 2




Determining the equation of exponential function

Example 3
Determine the equation of g(x) = b4 q

Horizontal asymptote: y=-2
Therefore the value of g 1s -2
y=b1-2

Now substitute the point
(-3;2) 1into the equation

x+l
Therefore the equation is: g(x) = [%) -2

AA

A Division of Marematlou Group Holdings

Note:
Since b >0, you could have

solved the equation 4b* =1
as follows:

4b* =1

bz =

1
4

b=

Page 18 of 85




TRANSFORMATION OF FUNCTIONS

REFLECTIONS AND TRANSLATIONS

2
Givenf(x) = x+—1— 3

Given f(x) = 2.3 2 + 4

Given f(x) = x2+5x + 6

a. The graph of g(x) is obtained
by shifting the graph of f(x) 2
units up and 3 units to left.
Determine the equation of g(x).

Solution
gx)=f(x+3)+2

—-3+2

T X+3+1
2

b. The graph of h(x) is obtained
by reflecting the graph of f(x) in
the x — axis. Determine the
equation of h(x).

Solution

h(x) = —f(x)

2 3)
x+1
2

c. The graph of m(x) is obtained
by reflecting the graph of f(x) in
the y — axis. Determine the
equation of m(x).

Solution

m(x) = f(=x)

a. The graph of g(x) is
obtained by shifting the
graph of f(x) 2 units up and
3 units to left. Determine the
equation of g(x).

Solution

gx)=f(x+3)+2
=23*3"2 4442
=23*1 46

b. The graph of h(x) is
obtained by reflecting the
graph of f(x) in the x —
axis. Determine the equation
of h(x).

Solution

h(x) = —f(x)
= —(2.3*2 4+ 4)
=—-2.3%2_-4

c. The graph of m(x) is
obtained by reflecting the
graph of f(x) inthe y —
axis. Determine the equation
of m(x).

Solution

m(x) = f(—x)
=23%244
=2370+2) 4 4

x+2

=2(3) +4

a. The graph of g(x) is obtained
by shifting the graph of f(x) 2
units down and 3 units to right.
Determine the equation of g(x).

Solution

gx)=f(x—3)—2
=(x—-3)2+5x—-3)+6-2
=x2—6x+9+5x—15+4
=x*—x-2

b. The graph of h(x) is obtained
by reflecting the graph of f(x) in
the x — axis. Determine the
equation of h(x).

Solution
h(x) = —f(x)
—(x?>+5x +6)
=—x?2—-5x—6

c. The graph of m(x) is obtained
by reflecting the graph of f(x) in
the y — axis. Determine the
equation of m(x).

Solution

m(x) = f(—x)
=(—x)?2+5(-x)+6
=x?>—-5x+6

A Division of Marematlou Group Holdings
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SECTION 5: INVERSE FUNCTIONS

The concept of a function

A function f| is defined as a relationship between values, where each input value
maps to one output value,

In other words, for an equation to be called a function, there can only be one y -
value for a particular x-value.

There are two types of functions:
1. One-to-One Functions
2. Many-to-One Functions

ONE-TO-ONE FUNCTIONS

A one-to-one function is a function where there is a single y-value for a particular
x-value.

MANY-TO-ONE FUNCTIONS

A function cannot have more than one y value to each x value. However, a function
can have more than one x value for a particular y value. These are known as many
to-one functions.

VERTICAL LINE TEST

To test if a graph is a function, use the vertical line test. If a vertical line (a line
parallel to the y-axis) touches the graph more than once at any point, the graph is not a
function. You don’t have to draw a line, just hold a ruler parallel to the y-axis and move
it along the graph. If the ruler touches the graph more than once for a single x value,
anywhere on the graph, then the graph is not a function. In the case of the graph not
being a function, it is said to be a relation. )

HORIZONTAL LINE TEST

If a graph passes the vertical line test, it is a function. The horizontal line test can be
used to determine what type of function the graph represents.

If a horizontal line (a line parallel to the x-axis) is drawn and moved along the graph
and it touches the graph more than once at any point, it is a many-to-one function
(many x-values to a single y-value). Otherwise, it is a one-to-one function.

(Source: MATHS MADE EASY — A comprehensive guide to Grade 12 Mathematics)

AR
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Examples

Determine whether the following relations are functions or not. If the graph is a
function, determine whether the function is one-to-one or many-to-one.

y (b) t-

r

one-to-one function

L Y

L

many-to-one function
L Y Y
® .
: | | W:% )

one-to-one function not a function

(Source: Mind Action series Mathematics12 textbook and Workbook )

AR
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Inverse Function

The inverse of a function takes the y-values (range) of the function to
the corresponding x-values (domain) and vice versa. Therefore the x
and y values are interchanged.

The function is reflected along the line y = x to form the inverse.

The notation for the inverse of a function is f .

N.B The domain of the inverse is the range of the function and the range of the
inverse is the domain of the function.

When the function is increasing, its inverse also increases. When the function
decreases, its inverse will also decrease.

Inverse function : Linear (y = ax + q)

Example 1
Given f(x) = 2x + 6.
1. Determine f~'(x)
2. Sketch the graphs of f(x), f~! (x) and y = x on the same set of axis

Solutions
1. In order to find the inverse of a function, there are two steps:

STEP 1: Swap the x and y
y=2x+6
becomes x =2y + 6
We then rewrite the equation to make y the subject of the formula.
Therefore,

STEP 2: make y the subject of the formula
xX=2y+6

We can say that the inverse function f~!(x) = %x -3

AA

A Division of Marematlou Group Holdings
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Inverse function : Quadratic (y = ax?)

Example 2

a)  Sketch f(x) = 2x?
b)  Determine the inverse of f{x)
¢)  Sketch f!(x)and y = x on the same axes as f(x)

Solution
1. b) y=2x2

x=2" /

y=i€/

This is not a function.

Check it with a vertical line test.

o)

There are two y-values for one
x-value.
Not all inverses of functions are also

functions. Some inverses of functions
are relations.

If an inverse is not a function, then
we can restrict the domain of the
function in order for the inverse to be
a function.

AR
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To make the inverse a function, we need to choose a set of x-values in the function and work
only with those. We call this ‘restricting the domain’.

A one to one function has an inverse that is a function

Example: y = 3x + 4 is a one to one function. For every x value there is one and only one y
value

A many to one function has an inverse that is not a function. However, we can restrict the
domain of the function to make its inverse a function.

Example: y = 2x? is a many to one function. For two or many x values there is one y value.
(if v =2, then y = 8.
If x =-2, then y = 8). Therefore, its inversey = % 1/, is not a function.

To check for a function, draw a vertical line. If any vertical line cuts the graph in only one
place, the graph is a function.

If any vertical line cuts the graph in more than one place, then the graph is not a function.
To check for a one-to-one function, draw a horizontal line. If any horizontal line cuts the

graph in only one place, the graph is a one-to-one function. If any horizontal line cuts the
graph in more than one place, then the graph is a many-to-one function.

Example 3

Given: g (x) = — x> where x <0

(a) Write down the inverse of g, g ' in the form /(x) =

(b) Sketch the graphs of g, /i and y = x on the same set of axis.

Solutions

(a)y =—x?
x=—y?

—x=)?
Tv=x=y
—v=xX =ywherex <0
Soh(x) ==X

(b)

Page 24 of 85
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Inverse function : Exponential  y=»b"(b>0.b=1)

Example 4

Given: f{x) = 2*

a) Determine ! in the form y =

b) Sketch the graphs of f(x), /™ (x) and y = x on the same set of axes.
c) Write the domain and range of f(x) and /' (x)

Solution
a) The inverse of the exponential function y = 2*is x = 2¥ which can be
written as y = log, x.

b)

-

N Wk 01O N 0 W

¢) The domain and Range of f(x)

Domain: x € R
Range: y > 0

The domain and Range of f~1(x)

Domain: x > 0
Range: y € 0

AR
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SECTION 6: COMBINATIONS

Take note of the following when working with combination of functions:

Consider the graphs of f and g below

14

For f(x) > Oor f(x) <0 For f(x) > g(x)or f(x) < g(x) | For f(x).g(x) >0o0r f(x).g(x) <0
Focus on the x — axis. f(x) > f(x) > g(x) means where | f(x).g(x) > 0 meanswhere the
0 means where the graph of the graph of f(x) is above the | Productof f(x) and g(x) is positive.
f(x) is positive, which will be graph of g(x).
above the x — axis.

And f(x). g(x) < 0 means where the

And f(x) < g(x) means product of f(x) and g(x) is negative.

And f(x) < 0 means where the | where the graph of f(x) is
graph of f(x) is negative, which | below the graph of g(x).
will be below the x — axis.

AA

A Division of Marematlou Group Holdings
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Example 1

QUESTION 5

The graphs of f(x)=x"-4 and g(x}=—x+2 arc sketched below. A and B are the
x-intercepts of . C and D are the y-intercepts of / and g respectively. K isapointon g
such that BK || x-axis. f and g intersectat A and E.

Write down the coordinates of C.,

Write down the coordinates of D.

Determine the length of CD.

Calculate the coordinates of B.

Determine the coordinates of E, a point of intersection of f and g.

For which values of x will;
5.6.1 Jx)<g(x)
5.6.2 Jf(xrg(x)=0

Calculate the length of AK.

AR
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Solutions

QUESTION 5
5.1 C(0;—4)

52 D(0:2)

5.3 CD=2-(4)
CD = 6 units/eenhede

54 x'=4=0
(x=2)x+2)=0
x=2 x=-2
B(-2;0)

xP=d==x+2
X +x=6=0
(x=2)x+3)=0
x=2 x=-3

E(-3; 5)

-3<x<2
OR/OF

{—3;2]

(s -2]u 2]

Ki(-2:4)
BK = 4 units/eenhede
AB =4 units/eenhede

AK =+/4* +4° (Pythagoras)
= 5,66 units/eenhede

AR
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Example 2

QUESTION 5

The sketch below shows f and g, the graphs of fi(x)= 1 —1 and g(x) = ax +¢g respectively.
X

Points A(-1 ;—4) and B(3 ; 4) lic onthe graph g.
The two graphs intersect at points C and D.
Line BE is drawn parallel to the y-axis, with E on f

L 2T

Show that a=2 and g =-2.

Determine the values of x forwhich f{x)= g(x).
For what values of x is g(x) = f(x)?

Calculate the length of BE.

Write down an equation of & if A(x)= f(x)+3.

AR
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Solutions

5.1 a = gradient of g
_—4-4

T -1-3

AR
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—%Ex{ﬂ orfof x2=1

OR/OF

[-% 0yl )

Lengthof BE =4 - f(3)

e

:4+E

JENN MagemanoU Page 31 of 85

A Division of Marematlou Group Holdings




Example 3

QUESTION 1

The graphs of f(x) =2x2+4x—6 and g(x)=a" are represented in the sketch below.
A and B are the x-intercepts of f and R is the turning point of f. The point C(—2;4)
IS a point on the graph of g.

Show that a = % )

Determine the length of AB.
Determine the length of SR.

Write down the equation of h, if h is the reflection of f in the y-axis.
Express your answer in the form h(x) = a(x+ p)®+q.

Write down the equation of g in the form y=....

Sketch the graph of y=g(x) on a set of axes.
Determine the values of x for which:

171 grx)=-2
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Solutions

0=2x2+4x-6

5 0=x*+2x-3

S 0=(x+3)(x-1)

S Xx=-3 or x=1

. AB =4 units
2(2)

S Yr =2(-1)% +4(-1)-6=-8

..SR =8 units

Alternatively:

f'(x)=4x+4

~0=4x+4

Lx=-1

h(x) = 2(x-1)* -8

JENN MagemanoU Page 33 of 85

A Division of Marematlou Group Holdings




g (x)>—-2forall0<x<4

Example 4

QUESTION 1

In the diagram below, the graph of f(x) = a +q cuts the y-axis at —3 and the x-axis at A.
X+ p

The graph of g(x) =m(x+n)?+c intersects f at A, cuts the y-axis at —3 and has a

turning point at B(2;1).

B(2;1

/
/\
AR

\‘)/JWE"N”N MagematoU Page 34 of 85

A Division of Marematlou Group Holdings




Determine:

1.1  theequation of f.

1.2 theequation of g.
1.3 the length of OA.

1.4 the values of x for which f(x).g(x)<0.

Solutions
a
=——-2
y X—2
Substitute (0; -3):
3= a
0-2

Substitute (0; —3):
5 =3=m(0-2)*+1
s —4=m(=2)?
So—4=4m
sm=-1
Lg(xX)=—(x-2)*+1
0=—2__7

X—2
20=2-2(x-2)
S 0=2-2x+4
S.2X=6
SX=3

. OA =3 units
Alternatively:

AR
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0=—(x-2)%+1
L (x=2)%=1
X —Ax+4=1
X2 —4x+3=0
S (x=D(x=-3)=0
x=1 or x=3

.. OA =3 units
f(x).g(x) <0 forall
1<x<2 or x=3

AR
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SECTION 7: THE AVERAGE GRADIENT BETWEEN TWO POINTS

The average gradient of a function between any two points is defined to be the
gradient of the line joining the two points.

Example

The sketch below is the graph of S(x)=25" 4 4.

The graph of /" passes through the points A(1 : 20) and B (-1 :
The line y=2 is an asymptote Of? (1;20) -1;5)

A(1 ;20)

Show that the equation of 1 is f{(x)=2(3)"" +2

Calculate the y-coordinate of the point B.

Determine the average gradient of the curve between the points A and B.

AR
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Solutions

K. g=2
f{x)=2.p""42
20 =25 +2
18 = 2.5°
9 =5?
h=3
f(x)=2.3"*" 42

y=23"42
y=2.142
y=4

Y2 =W

m===—
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SECTION 8: ACTIVITIES OF FUNCTIONS AND GRAPHS

Activity 1

QUESTION 4

4.1 Given the function p(x) = [%) _

4.1.1 Is p an increasing or decreasing function?

412 Determine p~', the inverse of p, in the form y=

4.1.3 Write down the domain of p™'.

4.1.4 Write down the equation of the asymptote of p(x)-35.

Given: f(x)=——+2
x—1

421 Write down the equations of the asymptotes of f

422 Calculate the x-intercept of f.

423 Sketch the graph of £, label all asymptotes and indicate the intercepts
with the axes.

. . 4
Use your graph to determine the values of x for which 1 =-2.
x -

Determine the equation of the axis of symmetry of f(x—2), that has a
negative gradient.

AR
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QUESTION 5

The graphs of the functions f(x)=—(x+3)" +4 and g(x)=x+35 arcdrawn below,
The graphs intersect at A and B.

Write down the coordinates of the tumning point of f.
Write down the range of f.

Show that the x-coordinates of A and B are —5 and —2 respectively.

Hence, determine the values of ¢ for which the equation —(x+¢+3)* +4=(x+¢c)+5
has ONE negative and ONE positive root.

The maximum distance between f and g in the interval x, <x<x; Is &
If h(x)=g(x)+k, determine the equation of A in the form A(x)=..
Activity 2

QUESTION 4

Given: g(x)= Ll 2

X—

4.1 Write down the equations of the asymptotes of g.
4.2 Draw a graph of g, indicating any intercepts with the axes and asymptotes.
43 Determine the values of x where g(x)> 0.

4.4 Determine the equation of the axis of symmetry of g which has a negative gradient.

AR
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QUESTION 5

In the diagram, the graphs of f(x)=1log,x and g are drawn. Graph g is the reflection of f

in the line y = x. Graph [ passes through the point P(4 ; 2). Q is the x-intercept of f and R
is the y-intercept of g.

7

Write down the coordinates of P/, the imageof P on g.

Show that a=2.
Write down the equation of g in the form y=...

T isapoint on f in the first quadrant where TR is parallel to the x-axis. Calculate
the arca of ARTP'.

AR
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QUESTION 6

The graphs of f(x)=x>~-2x-3 and g(x)=mx+c are drawn below. D and E are the
x-intercepts and P is the y-intercept of £ The tuning point of f is T(1 ; —4). The graphs of
Jf and g intersectat P and E.

Write down the range of f.
Calculate the coordinates of D and E.
Determine the equation of g.

Write down the values of x for which f(x)- g(x) > 0.

Determine the maximum vertical distance between # and g if h(x)=-f(x) for
xe[-2;3].

Given: k(x)=g(x)—n.

Determine n if k is a tangent to f.

AR
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Activity 3

QUESTION 4

-
Given: f(x)=a" -1 for a>0. BLE;?S] is a point on f.

4.1 Calculate the value of a.
4.2 Write down the range of f

4.3 Sketch the graph of f. Clearly show the intercepts with the axes and asympiotes,
if any.

It is further given that C is a pointon f at y:%.

Determine the coordinates of C', the image of C, when C is reflected about the line
y=x.

QUESTION 5

a

Sketched below is the graph of f{x) = +¢g having the domain (—eo ;1)1 ; o).

X+
The graph of f cuts the y-axisat (0;1). A line of symmetry of f is givenby g(x)=x-3.

AR
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Write down the value of p.

Determine the equation of the horizontal asymptote of f
Calculate the value of a.

For which values of x is f(x)=07

Graph f undergoes a transformation to s where:

»  The domain and range of # are the same as that of [
s h'(x), the derivative of A, is negative on its domain

Describe a possible transformation that f could have undergone to result in h.
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QUESTION 6

In the diagram below, the graphs of f(x)=—x*+4x+5 and g, astraight line, are drawn.
C(3:8) is a point of intersection of f and g. EH is drawn parallel to the y-axis, with E
apointon / and H apointon g.

},I -

Calculate the coordinates of B, the turning point of f

Show that the equation of the line through A and C isgivenby g(x)=2x+2.
Calculate the maximum length of EH for f > g.
Given: k(x)= f(x+m)=—-x*-2mx—m" +dx+4m+5

Determine the value of m such that g is atangentto &

AR
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Activity 4
QUESTION 6

The graph of f(x)=ax’, x<0 is sketched below.
The point P(— 6 ; —8) lies on the graph of f.

Calculate the value of a.

Determine the equation of ', in the form y= ...
Write down the range of 1.

Draw the graph of £~ ON YOUR BOOK . Indicate the coordinates of a point
on the graph different from (0 ; 0).

The graph of f 1s reflected across the line y = x and thereafter it is reflected across
the x-axis. Determine the equation of the new function in the form y= ...

AR
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DIFFERENTIAL CALCULUS

Overview:

The equations of tangents to graphs.
The ability to sketch graphs of cubic functions.
Practical problems involving optimization and rates of change (including the calculus of motion).

(SOURCE: CURRICULUM AND ASSESSMENT POLICY STATEMENT(CAPS)SENIOR PHASE GRADES (10 — 12) MATHEMATICS)
SECTION 1: SKETCHING OF THE CUBIC FUNCTION

Take note of the standard form and shape of a cubic function:

Standard form: y = ax3 + bx? + cx + d

Local maximum

a4

Local minimum

Local maximum

Local minimum

AR

\‘)/JWE"N”N MagematoU Page 47 of 85

A Division of Marematlou Group Holdings




Steps to follow when sketching: (N.B sometimes, if not most of the time, you will be directed by the
guestion as to where to start,.. see the worked example)

1. Determine the x and y - intercepts
q X—intercept(s)
I. Lety=0and simplify
Ii. Find the factor
iii. Solve for x
p Y—intercept
i. Letx =0and solve fory
2. Determine the turning points
a. Find the first derivative
b. Equate to zero
c. Solve for x (these are x -values of the turning points)

d. Substitute the x -values into the original function to find the corresponding y-values)

3. Sketch

N.B Take note of different ways of finding the point of inflection:

Way 1

Find the second derivative of the function. E.g f"' (x)

Equate the second derivative to zero and solve for x. You now have x-value of point of inflection.
Substitute the x-value into the original function, e.g f(x), to get the corresponding y-value, and
thus the point of inflection.

Way 2 (Using x-values the turning points: The point of inflection lies half-way between the turning
points of a cubic function)

Find the x-value of the point of inflection by adding together x-values of the turning points and
then dividing the result by 2. You now have the x-value of the point of inflection.

Substitute the x-value into the original function, e.g f (x), to get the corresponding y-value, and
thus the point of inflection.

AA
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Worked example(s)

Example 1
Given: f(x)= 42 ~Tx+4
1 Show that (x—1) is a factor of f(x).
Hence, or otherwise, find the x-intercepts of f.

Determine the coordinates of the turning points of f.

Sketch the graph of f on the ANSWER SHEET provided. Clearly show ALL
the intercepts with the axes and the turning points.

Solutions

() =x"+2x"—Tx+4
SM =@ +2(1)* =7(1) + 4
(=0

. x—11s a factor of f

x-intercepts:

f(x)=0

X +2x° —Tx+4=0
(x—D(x>+3x-4)=0
(x—D(x—1D)(x+4)=0
x=lor x=-4

AR
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f(X)=x"+2x"-Tx+4
fl(x)=3x>+4x-7
f'(x)=0

S 3x°+4x—-7=0
Bx+7}x-1)=0

7
Sx=——or x=1
3

(—2,3;18,5) and (1;0)

{(—2.3:1%5)

AR
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Example 2
Given: f(X)=x*—x*-8x+12
1.1.Draw a sketch graph of f, showing all intercepts with axes, and turning points.
Solution
y-intercept:
f(0)=0°-0°-8-0+12
=12

Y -intercept is given by (0:12)

x-intercept:

(x=2)(x* +x-6)=0

(x—2)(x +3)(x-2) =0

(x—=2)=0 or (x+3)=0or (x—-2)=0

X=2 or x=-3 or x=2

X = intercepts are given by (20 ang (=3.0)
Turning points:

£/(x)=0

3x* —2x-8=0

Bx+4)(x-2)=0

_4

4y , by, o 4
Y= (30 ~(-5) 8- )+12

_500
27

=18,52

= 2994559
27

AR
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1
12
Local Maximum: ( ~3;18,52)

Local Minimum: (2; 0)

1 4

(3;1852) y

1.2 Calculate the point of inflection.

Solution
f"(x)=6x-2
6x—2=0

X =

1
3
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SECTION 2: FINDING EQUATION OF CUBIC FUNCTION AND

EQUATION OF A TANGENT
Important terminology and/or notes

Finding the parameters of the function leads to finding the equation of that function
Equation of tangent is the equation of a straight line: y=mx+c
o What you need...

The point of contact
The gradient

Example 1

Determine the equation of the tangent to the curve defined by g(x)=-x*-x at
the point where x = 2.

Solution

gx)=—x"—x
g2)=-(2)"-2=-6
The point of contactis (2; —6)
g (x)=-2x-1
om, =g (2)=-2(2)-1=-5
y=mx+c

—6=—512)+c
c=4

Ly=-5x+4

OR y=—y, =m(x-x)
OR y—(-6)=-5(x-2)
OR y+6=-5x+10

Example 2

AR
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Given: h(x)=-x"+ax’ +bx and g(x)=-12x. P and Q(2: 10) are the turning points of A.
The graph of & passes through the origin,

Show that a=% and A=6.

Solution

Substitute Q(2; 10) into

h(x)=—x"+ax’ +bx

—2° +a(2*)+b(2)=10
—8+4a+2b=10

h'(x)=-3x" +2ax+b
AtQ: h'(2)=0
~3(2)" +2a(2)+b=0
—12+4a+b=0

da+b=12 line 2
line2 — linel: 2a=3
3

a==

Substitute in linel: bh=6

AR
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SECTION 3: OPTIMISATION AND RATE OF CHANGE, INCLUDING
CALCULUS OF MOTION

Important terminology and/or notes

Maximum and minimum occur at the turning points, thus when maximizing or minimizing,
find the first derivative, equate the derivative to zero and solve for the unknown, x in most
cases. The value(s) of x found after solving is/are where the maximum or the minimum

occurs. Check the value(s) whether they give maximum or minimum values by substituting

into original equation.

Worked example(s)
Example (A)

An industrial open water tank, as shown in the picture below, has an inlet pipe and
an outlet pipe. The depth of the water in the tank changes continually.

The equation D(f)=4+0,5t> 0,25 gives the depth (in metres) of the water,
where ¢ represents the time (in hours) that has lapsed since the depth reading
was taken at 09:00.

Determine:

The depth of the water in the tank at 11:00

The rate of change of the depth of the water in the tank at 12:00

AR
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Solutions

After 2 hrs
D(2)=4+0, 5(2)2 -0, 25(2)3 m

=4m

D=4+0,5¢>-0,25¢

D'(t)=t-0,75¢

At 12:00 (3 hours later):

D'(3)=(3)-0,75(3)°
==3,75m.h”"'

Example (B)

The profit (in R1000s) yielded by a company, using a machine that produces bottle
caps, 1s dependent on the average speed at which the machine runs.

The profit (P) is calculated using the formula:

P=—3v2+30v’

where v is the average speed (in kilometres per hour) and v > 0.

Calculate the average speed at which neither a profit, nor a loss is yielded.

Determine at what average speed the machine should run so that a
maximum profit will be obtained.

Hence, or otherwise, calculate the resulting maximum profit.
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Solutions

P=-3v’+30v
Neither profit nor loss at P =0
~3v? +30v=0
—3v(v-10)=0
Sv=0o0rv=10

=10km.h™"'

P=—73v> +30v

d—P=— 6v+30=0

Vv

sv=>5kmh™

P (in R1000) = — 3(5)* +30(5) =75
OR R75 000

Example (C)

A particle moves along a straight line. The distance, s, (in metres) of the particle from a fi
point on the line at time ¢ seconds (¢ = 0) is given by s(t)=2¢" —18+45.

10.1 Calculate the particle's initial velocity. (Velocity is the rate of change of distance.)

10.2 Determine the rate at which the velocity of the particle is changing at ¢ seconds.

10.3 After how many seconds will the particle be closest to the fixed point?
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Solution

10.1 s(f)=2t" =18t +45
s'(f)=4r=-18
s'(0)=4(0)-18
=—18m/is
s"(t) = 4m/s”
4t-18=0
4r=18

t= 5 seconds or 4.5seconds

=
+_

2
I=Esccunds or 4. 5seconds

OR
s(f)=2t" =18t + 45
-18

)

t= Esecnnds or 4.5seconds
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SECTION 4: ACTIVITIES OF DIFFERENTIAL CALCULUS
Activity 1
QUESTION 8
The graphof y= f'(x)=mx® +nx+k is drawn below.
The graph passes the points P[‘% ; n], Q{1:0) and R(0;1).

oL

Determine the values of m, # and k&
If it s further given that f{x)=—x'+x" +x+2;

321 Determine the coordinates of the turning points of f.

822 Draw the graph of f. Indicate on your graph the coordinates of the tuming
points and the intercepts with the axes.

Points E and W are two variable points on  f ' and are on the same horizontal line.
e hisatangentto f' at E.

*» gisatangentto [’ at W.

o ) and g intersectat D{a; b).

831 Write down the value of a.

832 Determine the value(s) of & for which & and g will no longer be
tangents to .
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Activity 2
QUESTION 9

The graph of f(x)=ax® +bx* +cx—5 is drawn below. E(— 1 ; 0) and G(5 ; 0) are the
x-intercepts of f.

Showthat a=1, h==3 and e¢=-9.
Calculate the value of x for which / has a local minimum value,

Use the graph to determine the values of x for which £ (x).f(x) > 0.

For which values of ¢ will the graph of p(x)= f(x)+¢ have two distinct positive
roots and one negative root?

AR
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QUESTION 10

EHGF is a rectangle. HE is produced »* cm to N and EH is produced x* cm to P.
NF produced intersects PG produced at M to form an isosceles triangle MNP with
NM=MP. D lieson NP where MD L NP.NP=4c¢m and MD =3 cm.

10.1 Show that the area of EFGH is given by A(x) = 6x% —3x*.

102 Calculate the maximum area of reclangle EFGH.

AR

\)/LENN MagemarioU Page 61 of 85

A Division of Marematlou Group Holdings




Activity 3
QUESTION 8§
Given: fix)=—x" +6x" —Ox+4=(x-1)"(-x+4)
8.1 Determine the coordinates of the turning points of f

B2 Draw a sketch graph of f Clearly label all the intercepts with the axes and any
turning poinis.

8.3 Use the graph to determine the value(s) of & for which —x" +6x" ~9x+4=Fk will
have three real and unequal roots.

8.4 The line g{x)=ax+ b isthe tangent to § at the point of inflection of f. Determine
the equation of g.

Caleculate the value of &, the acute angle formed between g and the x-axis in the
first quadrant.

QUESTION 9

The diagram below represents a printed poster. Rectangle ABCD is the part on which the text
is printed. This shaded area ABCD is 432 cm® and AD=xcm. ABCD is 4 cm from the left
and right edges of the page and 3 em from the top and bottom of the page.

0.1 Show that the total area of the page is given by:

AGx) =328 4 64480
X

9.2 Dietermine the value of x such that the tolal area of the page is a minimum.
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Activity 4

QUESTION 8

Given: f(x)=x"+4x* -7x-10

8.1 Write down the y-intercept of f

8.2 Show that 2 is a root of the equation  f(x) = 0.

8.3 Hence, factorise f(x) completely.

8.4 If it is further given that the coordinates of the turning points are approximately at
(0,7 :=12,6) and (- 3,4 ; 20,8), draw a sketch graph of f and label all intercepts and
turning points.

Use your graph to determine the values of x for which:
8.5.1 Flixy<0

8.5.2 The gradient of a tangent to / will be a minimum

8.5. fx). M x)=0

QUESTION 9

A wire, 12 metres long, is cut into two pieces. One part is bent to form an equilateral triangle
and the other a square. A side of the triangle has a length of 2x metres.

9.1 Write down the length of a side of the square in terms of x.

9.2 If this square is now used as the base of a rectangular prism with a height of
4x metres, determine the maximum volume of the rectangular prism.

Activity 5
8.2 Determine the equation of the tangent to  f(x)=x" —4x* +2x+3 at x=2.
8.3 Given: f(x)=—6x"
8.3.1 Determine f'(x) from first principles.

8§32 Write down how you will restrict the domain of f such that £, the
inverse of f is a function.

Determine the equation of /' for f'(x)<0. Write your answer in the
form y=...
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QUESTION 9

A(1:9) and B{% ;3] are the turning points of graph j below.

C(0 ;7 isthe y-intercept of £

For which values of x is f decreasing?
Write down the x-intercepts of £, the derivative of £,
For which values of x will f be concave up?
Determine the value of & for which y= f{x)+k will have THREE positive
x-infercepts.
QUESTION 10

A cyelist rode from town P and stopped at town T, The speed (in km/h) at which this cyclist
rode, is represented by the equation 5 /()= — 3% +18¢,

NOTE: Speed is the rate of change in distance with respect to time.
1011 Calculate the maximum speed that the cyelist reached on this ride.

102 Calculate the distance between town P and town T.
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PROBABILITY

Overview:

(a) Dependent and independent events.

(b) Venn diagrams or contingency tables and tree diagrams as aids to
solving probability problems (where events are not necessarily

(SOURCE: CURRICULUM AND ASSESSMENT POLICY STATEMENT(CAPS)SENIOR PHASE GRADES (10 - 12)
MATHEMATICS)

SECTION 1: GENERAL PROBABILITY

Probability refers to the likelihood or chance of an event taking place.

number of favourable outcomes

The probability of an event =

total number of outcomes

This ratio can be expressed as a common fraction, a decimal fraction or a percentage. So a
out of 8 can be written as Z or as 0,625 or as 62,5%.

We can use a probability scale to decide what chance there is of an event
happening.

| | | I
I I | I

1 3
0 Y 3 1
Impossible Poor chance; Fair chance Good chance Certain;
0% unlikely, but very likely; definite
possible; 75% 100%

25%
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Notations that are used are to find probability of an event:
e P(A) means the probability of event A occurring
e P(A") or P(not A) means the probability of event A not occurring.
e P(AorB) = P(A U B) means the probability of A or B occurring.
U is the symbol for or, it is also known as union.
e P(Aand B) = P (A n B) means the probability of A and B occurring.

N is the symbol for and, it is also known as intersection.

The Identity

For any two events A and B:

P(Aor B) = P(A) + P(B) — P(Aand B)

The Addition Rule for Mutually Exclusive Events

Two events are called mutually exclusive if both events cannot take place at the same time.

When events A and B are mutually exclusive, P(Aand B) = 0

then P(A or B) = P(A) + P(B)

The Complementary Rule:

For two events A and B:

P(notA)=1-P(A)
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The Product Rule for Independent Events

When two events A and B are independent, then

P(Aand B) = P(A) x P(B)

Just because two events are mutually exclusive does not necessarily mean that they are independent.
To test whether events are mutually exclusive, always check that P(A and B) = 0. To test whether
events are independent, always check that P(4 and B) = P(A) x P(B). See the exercises below for

examples of events that are mutually exclusive and independent in different combinations.
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SECTION 2: VENN DIAGRAMS

The shaded regions represent the events above the Venn diagrams.

Aand B not A

| | m
AorB not (A or B)

| | m

A B only

@ | @

not (A and B)

A B

D

A only

5
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Worked Example 1

QUESTION 4

4.1 A survey of 80 students at a local library indicated the reading preferences below:

44 read the Navional Geographic magazine

33 read the Getaway magazine

39 read the Leadership magazine

23 read both National Geographic and Leadership magazines
19 read both Getaway and Leadership magazines

9 read all three magazines

69 read at least one magazine
4.1.1 How many students did not read any magazine?

412 Let the number of students who read National Geographic and Geta
but not Leadership, be represented by x. Draw a Venn diagral
represent reading preferences.

Hence show that x = 5.

What is the probability, correct to THREE decimal places, that a st
selected at random will read at least two of the three magazines?
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Solution

4.1.1 11 students

4.1.2 Let N represent students reading the National Geographic magazine, G
represent students reading the Getaway magazine and L represent students
reading the Leadership magazine.

™

413 2l -x+x+14—x+9+14+10+6+11=80
BS—x=280
x=5

4.1.4 P(student reads at least two magazines) = J+14+1049 0,475

80

421
F{smoke detected by device A or device B)
= P(smoke detected by A) + P{smoke detected by B) — P{smoke detected by both)
=095+098 -0.94
=099

4.2.2 P{smoke not detected) =1 — 0,99 =0,01
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SECTION 3: TREE DIAGRAMS

A tree diagram is a picture that helps you to list all possible outcomes of the events. Here
is the tree diagram for P(H and H) if you flip a coin twice:
1% flip 2™ flip outcomes
1
H/a/ .

HT

TT

In a tree diagram (once it is complete), to find the probability of an outcome we multiply
across the branches. If more than one outcome matches the results required, then
addition of the answers gained from the multiplication is used. Remember that each
‘clump’ of branches should add up to a probability of 1.

~——§ MULTIPLY ALONG BRANCHES

, Outcome 1 w=— Outcome 2

1/4 .~ Qutcome 1
T Outcome 3

ADD

. Qutcome 1 Tl:'PE
_
Outcome Outcome 2 ..o s

~ Qutcome 3 YOU

NEED
. Qutcome 1
Outcome 3 <= Qutcome 2
7 Outcome 3

1ST EVENT 2ND EVENT TOTAL=1
e SEQUENCE OF EVENTS

When more than one event takes place consecutively or simultaneously, it is useful to
represent them as a tree diagram. We represent each event by a column of branches, and
the number of branches is determined by the number of possible outcomes for that event.
For example, if a die is thrown, there are six possible outcomes, numbers 1 to 6, which
we represent by six different line (branches) drawn from the same starting point. If a coin
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is the tossed (with two possible outcomes , head or tail), we draw the tree diagram as

shown below.

T
2
1
2

[
f\
M= |
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Worked Example 1

QUESTION 4

Figures obtained from a city's police department seem to indicate that of all the motor vehicles
reported stolen, 80% were stolen by syndicates to be sold off and 20% were stolen by individual
persons for their own use.

Of those vehicles presumed stolen by syndicates:

o 24% were recovered within 48 hours
e 16% were recovered after 48 hours
»  60% were never recovered

Of those vehicles presumed stolen by individual persons:

o 38% were recovered within 48 hours
e 58% were recovered after 48 hours
o 4% were never recovered

Draw a tree diagram for the above information.

Calculate the probability that if a vehicle were stolen in this city, it would be stolen by
a syndicate and recovered within 48 hours.

4.3 Calculate the probability that a vehicle stolen in this city will not be recovered.

Solution

4.1
Outcomes

Recovered (S: RW4Shrs)
within 48 hrs

16% or i

. Recovered . .
Syndicates after a5 hrs (9> RA48hrs)

Mever (S; NR}

recovered

Vehicles
stolen

Recovered (I; RW48hrs)
within 48 hrs

Individuals Recovered  ([; RA48hrs)
after 48 hrs
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830 24 1920

42  P(S;RW4Bhrs )= —x—=———
100 100 10000

~0,192=19,2% (0,19)

OR

P(S: RWdshrs )= 2x 0= 24
5725125

4.3 P(stolen and not recovered) =

B0 L 0N (20 2 ) _pass=488% (0.49)
100 100) "\ 100 100

OR
P(stolen and not recovered) =

[4 3] [1 1} 12 1 61
— = || —— | =——=—
5 5 5 25) 25 125 125

Worked Example 2 (Non-replacement)

4.2 There are 20 boys and 15 girls in a class. The teacher chooses individual learners at
random to deliver a speech.

4.2.1 Calculate the probability that the first learner chosen is a boy.
422 Draw a tree diagram to represent the situation if the teacher chooses three
learners, one after the other. Indicate on your diagram ALL possible

outcomes.

Calculate the probability that a boy, then a girl and then another boy is
chosen in that order.

Calculate the probability that all three learmers chosen are girls.

Calculate the probability that at least one of the leamers chosen is a boy.
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Solution

4.2.1 P(boy chosen first) = 20 = 4 =0,57.
5 7

Outcomes

(b; b:b)

(b; b:g)

(b; g:;b)

(b: g:g)

(g:b;b)

(g:b;g)

(g;g:b)

g (g:g:g)

20 15 19 190
X x

423 Pb:g:b)= = =
(bresb)= o™ 34™ 33 T 1300

¥

15 14 13

424 Plg:g;e)= X  ® = =0,07
(g:g:2) 35 34 33 187

425 P(at least one boy) =1 —P(three girls chosen)
=1-0,07
=093
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SECTION 4: TWO-WAY CONTINGENCY TABLES

Two-way contingency tables are tools used to organize and display data involving two
categorical variables. They help learners analyze and calculate probabilities based on
real-world or survey data.

A, B, TOTAL

pt+q

r+s

p+r q+s ptq+r+s=n

Below are the few examples on how to find probabilities using contingency table.

p+r
P(A1)=

r+s
P(Bz):

r
P(A;NBy) =—
(4N By) =~

Worked Example 1

QUESTION 5

In a survey 1 530 skydivers were asked if they had broken a limb. The results of the survey
were as follows:

Broken a limb Not broken a limb

Male 463 b

Female a c

TOTAL 913

Calculate the values of a, b, c and d.

Calculate the probability of choosing at random in the survey, a female skydiver who
has not broken a limb.

Is being a female skydiver and having broken a limb independent? Use calculations,
correct to TWO decimal places, to motivate your answer.
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Solution

5.1

a = 450
h=319
c=298%

d =748

P(Female who has not broken a limb)
_ 298

1530

_ 149

765

P(Female & broken a limb)
450

T 1530

_ 3

17

=0,2941176471...

=0,29

P(Female) * P(Broken a limb)
_ T48 913

= x
1530 1530
=0,29
The events of being female and having broken a limb are independent.

If a candidate answers not independent due to the fact that the answers are
not accurate to more than 2 decimal places, award full marks.
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Worked Example 2
QUESTION 6

The data below was obtained from the financial aid office at a certain university.

RECEIVING NOT RECEIVING
FINANCIAL AID FINANCIAL AID
Undergraduates 4222 3 898
Postgraduates 1 879 731
TOTAL 6 101 4629

6.1 Determine the probability that a student selected at random is ...

6.1.1 receiving finaneial aid.
6.1.2 a postgraduate student and not receiving financial aid.
6.1.3 an undergraduate student and receiving financial aid.

Are the events of being an undergraduate and receiving financial aid independent?
Show ALL relevant workings to support your answer.

Solution

P(students receiving financial aid)
6101 Answer only: Full

= marks

10730
=057

P(postgraduate not receiving financial aid)

731 Answer only: Full marks

~ 10370

=0,068 Also accept: 3

2610

P(undergraduate receiving financial aid)

= 4222 Answer only: Full marks
10370 - 4222
S50 accept: ———
=039 P 8120

6.2 Let UG be the event of being an undergraduate and RF be the
event of receiving financial aid.

P(UG and RF)

4222

10730

=039

P(UG) x P(RF)
_8120 6101 =0.76x0,57
10730 10730 OR a3

—043 S

P(UG and RF) = P(UG) x P(RF)

The event of being an undergraduate and receiving financial aid
are NOT independent.
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SECTION 5: ACTIVITIES OF PROBABILITY
Activity 1
QUESTION 11

A certain number of learners are sitting for cxaminations in Mathematics, Tourism and
Geography.

All these learners sit for at least one of these examinations.

The total number of learners who sit for Mathematics (M), 1s 22,
The total number of learners sitting for Tourism (T), is 16.

The total number of leamers sitting for Geography (G), is 18.

5 learners sit for Mathematics and Tourism, but not Geography.
4 learners sit for Mathematics and Geography, but not Tourism.
3 learners sit for Tourlsm and Geography, but not Mathematics.
& learners sit for only Tourism.

Draw a Venn diagram to represent ALL the learners sitting for these examinations.

Calculate the probability that a learner, chosen at random, will sit for examinations in
at least TWO of the subjects.

Determine if the events: sitting for examinations in Mathematics and sitting for
examinations in Tourism are independent. Support your answer with the necessary
calculations.

Activity 2
QUESTION 10

=

. 1
10.1 A and B are independent events. P(A) = 3 and P(B)= 2

Dretermine:
[0.1.1 P{A and B)
10.1.2 P(at least ONE event occurs)

The probability that it will snow on the Drakensberg Mountains in June is 5%.

*  When it snows on the mountains, the probability that the minimum temperature in
Central South Africa will drop below 0 °C is 72%.
If it does not snow on the mountains, the probability that the minimum
temperature in Central South Africa will drop below 0 °C is 35%.

10.2.1 Represent the given information on a tree diagram. Clearly indicate the
probabilities associated with EACIH branch.

10.2.2 Caleculate the probability that the temperature in Central South Alrica will
NOT drop below (1 °C in June 2024,
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Activity 3
QUESTION 11

11.1 Two events, A and B, are such that:

»  PA)=04
» PlAorB)=0,32
» A and B are mutually exclusive

Calculate P(B).
The items that a learner bought at a tuck shop were recorded over a period of time,

The probabilities of the learner buying a sandwich (S), a chocolate (C) and a juice (J)
are shown in the Venn diagram below.

5

What is the probability that the learner will buy a sandwich? (1

Calculate the probability that the learner will buy at least two of the three
itemns. (2

Calculate the probability that the learner would NOT buy any of the three
items. (2)
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Activity 4
QUESTION 10

10.1 A group of people participated in a trial to test a new headache pill.

s 50% of the parlicipants received the headache pill.
o 50% of the participants reccived a sugar pill.

. % of the group receiving the headache pill were not cured,

% af the group receiving the sugar pill were cured,

111 Represent the given information on a tree diagram. Indicate on your
diagram the probability associated with each branch as well as the
outeomes.

10.1.2 Determine the probahility that a person chosen at random from the group
will MOT be eured.

Three cvents, A, B and C, are considered:

2 1 13
Pﬂﬁ}—gs P[B]_E and F(ﬁorﬂ}_ﬁ,

1021 Areevents A and B mutually cxclusive? Support your answer with the
necessary caleulations.

19.2.2 Determing Plonly C), if it is further piven that
PlAorC)= -iEU. P{A and C) =% and 2P(B and C) = P{A and C}).

Determine the probability that events A, Bor C do NOT take place.
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Activity 5
QUESTION 10

10.1 A bag contains 7 vellow balls, 3 red balls and 2 blue balls. A ball is chosen at random
from the bag and not replaced. A second ball is then chosen. Determine the
probability that of the two balls chosen, one is red and the other is blue. (4)

Learners at a hostel may choose a meal and a drink for lunch. Their selections on a
certain day were recorded and shown in the partially completed table below.

MEAL
SANDWICH (5) PASTA (P)
Fruit Juice (F) a 30
Bottled Water (W)
TOTAL 200 250

TOTAL

The probability of a learner choosing fruit juice and a sandwich on that day
was 0,48,

10.2.1 Calculate the number of learners who chose fruit juice and a sandwich for
lunch on that day.

10.2.2 Is the choice of fruit juice independent of the choice of a sandwich for
lunch on that day? Show ALL calculations to motivate your answer.

Activity 6

QUESTION 2

One hundred and seventy-five movie critics were invited to preview a new movie. Atfter seeing
the movie, a survey was conducted and the results were recorded in a two-way contingency
table.

Age <40 Age> 40 Totals

Liked the
mavie

Did not like
the movie

65 37 102

b 31

Totals d

Calculate the values of a, b, ¢ and d in the contingency table.

A movie critic is selected at random. What is the probability that the critic was less
than 40 years old and did not like the movie?

Are the events, age of the critic and preference for the movie, independent? Support
your answer with the appropriate calculations.
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Annexure A: Information Sheet

—F.:tm'hz —dae

2

X =

A=P(l+ni) A=Pl—ni)

T, =a+(n=-1)d

=l
T =ar

I

Slx+i)—1(x)
h

£1(x) = lim

fi—0

d= \I{Iz - X )2 "-"UJz =¥ )2

y=mx+e

[x—a]2 +{y—b}2 =7
a _ b C

In A4BC: = -
sind sinf sind

siner + #) = sin er.cos B + cos ce.sin 8

cos(a + ) = cos at.cos ff —sin ex.sin 3

3 -
COS @ —sinT o
1
cos 2o =+<1-2sin" e

Zeost @ —1
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y=y, =m{x=x,) "=

nz =4"J2 +E.‘2 =2he.cos 4

A=P(1+i)

S, =%[2n+ (n—1)d|

5 =

Ll

| t=l=r=l
—Fr

P xl—{l_+1‘]'”

1

M X+x nt»
2 2

.]Fz __.'rJ|
xz —_‘{‘I

area AMBC = % ab.sin C
sin(ee = f) = sinex.cos B = cos ce.sin
cos(e — )= cos a.cos f+sine.sin
sin2a =2sm ar.cos g

; 1

Z(x‘ —E}

n

bl

F =
P4 or B)y=Pd4)+ P(B)— P(4 and B)

D L) C)
> -5
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Annexure B: Examination Guidelines

ELABORATION OF CONTENT/TOPICS

The purpose of the clarification of the topics is to give guidance to the teacher in terms of depth of
content necessary for examination purposes. Integration of topics is encouraged as learners should
understand Mathematics as a holistic diseipline. Thus questions integrating various topics can be
asked.

FUNCTIONS

l. Candidates must be able to use and interpret functional notation. In the teaching process learners
must be able to understand how f(x) has been transformed to generate jf(—x), — f(x),
flx+a) flx)+a, af(x) and x= f(y) where a e R.

2. Trigonometric functions will ONLY be examined in PAPER 2.

DIFFERENTIAL CALCULUS

. The following notations for differentiation can be used: f'(x), D,, j—i or 3.
. In respect of cubic functions, candidates are expected to be able to:
¢ Determine the equation of a cubic function from a given graph.
¢ Discuss the nature of stationary points including local maximum, local minimum and points
of inflection.
o Apply knowledge of transformations on a given function to obtain its image.
. Candidates are expected to be able to draw and interpret the graph of the derivative of a function.
4. Surface area and volume will be examined in the context of optimisation.
. Candidates must know the formulae for the surface area and volume of the right prisms. These
formulae will NOT be provided on the formula sheet
. If the optimisation question is based on the surface area and/or volume of the cone, sphere and/or
pyramid, a list of the relevant formulae will be provided in that question. Candidates will be
expected to select the correct formula from this list.

PROBABILITY

1. Dependent events are examinable but conditional probabilities are not part of the syllabus.
2. Dependent events in which an object is not replaced are examinable.
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